Srijit Mondal

(JEE MAIN,JEE
ADV,BITSAT,RMO,B.STAT,B.MATH,...)

Mathematical
Tricks:A must
For all
competitive
exams




ISI FORUM



TIPS TO REMEMBER

[ CONGRUENT : Let us start by choosing a base n, then each
integer N = q.n + r whereq is quitent and r is remainder (0< r < n). ’
We write this as N=r (mod n) and say that N is congruent to r modulo

n. e.g. 78 =66 (mod 12).
Ex. January 1, 2000 falls on a saturday..What day of the week

will January 1, 2020 be ?
Sol. Because there are 20 years in ‘the range 2000 to 2019 of which 5
are leap-years, January 1, 2020 falls on day 20 + 5 = 4(mod 7), i.e.

Wednesday. _
0O MATHEMATICAL INDUCTION :

(1) Weak Version : Let P(n) be a statement such that (i) P (1) is true
and (ii) P(k) implies P(k+1) for any k 2n,, then P(n) is true for every n
2n,. ‘ -

(2) Strong Versi_on : Let P(n) be a statement such that (i) P(n,) is true

and (ii) if P(n), P(n+1),....5; P(k) are true for any k 2 n,, then P(k+1)

is also true. Then P(n) is true for every n =n,

O PIGEONHOLE PRINCIPLE : If m pigeons are assigned to n
pigeonholes , where m > n , then at-least two pigeons must occupy the
same pigeonhole. - 4 ;

Proof : Let the given' conclusion is fﬁlse, that is, no two pigeons
occupy thc same pigeonhole. Then every pigeon must occupy a distinct
pigeonhole, so n 2 m, which is a contradiction. Thus two or more
pigeons must occupy some: pigeonhole; |
' ROUND-ROBIN TQURNAMEN-: In round-robin tournament

every team plays every other team t_:xact.l_y' once. Suppose there are n
teams , labeled 1 through n. Then the tournament -can be represented
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by a polygon with n vertices with every pair of vertices -connected ,
every vertex represents a team and every line segment with endpoints

i and j represents a game between teams i and i

Let g = number of games by n teams in af- 7
“tournament. It can be defined recursi\'/c!y s
g =0 5 3

g, = B, + (n—1), where n 22
Solve this recurrence relation, we get
; n(n-1)
=7
shows in given figure.

nc,. e.g. 5 teams will play 10 games

0 FERMAT’S LITTLE THEOREM : Let p be a prime and a is
any integer such that pra, then a?P-! =1 (mod p).

Ex. Find the remainder when %" is divided by 17.

Sol. 24 = 7 (mod 17). .. 24'%7 = 77 (mod 17).

From Farmat’s little‘iheorem, o

7%= I(mod 17). = 7%= (7'9)'". 79 = 2. 71 = 71 (mod 17).
But 72= —2(mod 17). = 7" = ()’ 7= (2)'.7= —32.7

= 2.7 = 14 (mod 17). : |

Hence the reqd. remainder is 14. _

U PRINCIPLE OF INCLUSION AND EXCLUSION (P.IL.E.) OR
SIE\}E' FORMULA : It is very important principle is a generalization
of the sum-rule to sets which need not be disjoint. Venn-diagrams show
that |AUB|=|A|+|B|~|A N B| and |AuBUC|=
|A|+[B]+|C|-|]AnB|-|BAC|-|CnA|+|ANBAC].

We generalize to n sets as follows :

[A,Q....UA,,|= iIAil_ZIAihAJI'F Zlﬁi”Aj“Akl

i=1 i<j i<j<k

—d(=1)" A A-0A.



ISI FORUM



- e.g. We consider all n! permutatlons of 1,2,..n. If an element i is on
place number i, then we say i is a fixed-point of the permutation . Let

p,= number of fixed point free permutations and q, = number of
permutations with at least one fixed point . Then p, = n!-q,.
- Let A, =number of permutations with.i fixed point , then

'IAIU WA |_( )n 1)!- ( )(n =2)+...4+(- 1)n+1 (n) -
= n!{l__l_q-l—l-}- ..... +E2'r'li

TR |
o1 |'(-1)""]

#Pa=nl=Gp =l Gr=qrt g et T

O DIVISION WITH REMAINDER : For polynomials f(x) and
g (x) there exist unique polynomials q-and r such that fix) = g(x) yu) *
r(x), deg r(x) < deg g(x) or r(x) =0, where q(x) and r (x) are quotient
and remainder respectively on division of f{(x) by g(x). If r(x) = 0, then
we say that g(x) divides f{(x) and we write g(x) | f{x).

Q QRITHMETIC-GEOMETR]C-HERMONIC‘-M EAN

INEQUALITY: _

Take any n different positive numbers X ,X,,......X, where n is positive
integer , then Arithmetic mean A = (X;+Xp+....+X,)/n, Geomeric
mean G = (x, X;...X x,) " , Harmonic mean H =

X, X Xn

=1
1 1 1 : \
{[“‘*"’““ '*‘—}’“] and Root mean square - .

"2
(3] = {(x, +X3 Hereeneen +x2 ;} .

Verify that whatever the values of n you take and whatever be the positive
numbers you choose [u5]"2 > A2 G2 H, butif X,X,,.....,X, are equal,
then all there means are also equal .
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0 FOLLOWING RESULTS OF HEIGHTS AND DISTANCES:
(i) Appolonius theorem : Itina AABC, AD is
median, then AB’ +AC’ =2(AD? + BD?).

(ii) m-n theorem : If BD :DC = m:n, then
(m+n) Cot§ = mcota—ncotf
= ncotB-mcotC.

(i) Angle bisector : If AD is the angle

BD AB _c

bisector of ZBAC . :, —=—F—=—
DC AC b

(iv) The exterior angle is equal to sum of interior oppoisite angles.
(v) If a line is perpendicular to a plane, then its perpendicular to every
line in that plane.

of n sides each of length a .
(i) Inscribed circle of a regular polygon of n sides : o)

' - r : s ®
Area ﬂ:rztan]1 and Radius r 2cc:sn. A A,

(ii) Circumscribed circle of a regular polygon of n sides :

Area = -l-nR2$in2—’.t- and Radius R=2cosec=.
2 n 2 n

O MODULUS OR ABSOLUTE VALUE FUNCTION :

It is defined as y=f(x)= |x| =J;:T= { Xox2 0. ¥
-x: x<0 . 0 =
{—=x)=x=f(x). - v 2
~ ~f(x) is symmetric about y-axis. » 45° f 45°
Here [0| =0 ; |-5| =5 ; |5| = 5. Domain : x € R . 0 —>y
Range : y € [ 0 ,%0). Continuous everywhere . Dotmain

Non differentiable at x = 0, elsewhere
differentiable. Even as well as Many-one function. Monotonically
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increasing and decreasing for all x>0 and x<0 respectively.

Note::|x| is read modulus or mod x. |x| = 2 & x=1 2 ; |x|<2 -2 <x<2
and |xp2 & X<-2 or x>2.

Properties :

(). |x+y|'=|x|+|y|¢=» x,y20orx,y< 0.

@ |x-y|=xHylex2 0, | x|2]ly|orx < 0, ¥ < Oand |x|<|y|..
@ii) [xty| < [x|+yl.

vi) [xxy| 2 |x| =1yl .

0 SIGNUM FUNCTION : It is defined as y=flx) =

: Y
W R % y=1. x>0
_orH x#0 = J 0. x =0 ©,1) . -
Sgn(®=] o 5x=0 |} x >0|X%e
Domain : X€R . Range : y€ {-—1,0,1} . ;°=°_1 - (0,-1)

Continuous everywhere except Y’
at x=0 and discontinuous at x = 0 . Odd as well as many-one function.
Neither monotonically increasing nor decreasing.

Note : O indicates that the points ( 0,1) and (0,~1) are not included and
denote the point (0,0) is included in the graph: '

() GREATEST INTEGER OR FLOOR OR STEP FUNCTION:

It is defined as y = fix)=[x]=XF=gint (x)=n where n<x <n+l.
e.g.[x]=3,[log,2] = 0, [-3.5] = —4, etc and [0.7] = O etc.
-. Real number = Integral Part (I) + fractional part N, where I=[x] and

I

For —3< x <-—2; y=-3 Y

, 28 x <13 y=-2 ] O R
» —18x<0; y=-1 s 4 LI 40
»w» 0Sx<l; y=0 1}-e-0 i

s 1£x<2; y= 1andsoon. :3_"2 ".l T T
«Domain : xeReRange : y€ | A —ll 2 3 X
o Continuous and differentiable - Lom

everywhere expect at x=n, n € [ i =4 |2
eManyone and into function for —0 -—3‘

co-domain as all real numbers.
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Properties :
(i) [x+n]=nHx], nel

Gi) [x]=Ixly n€ 1 and [x]= —[x] -1, xeL
@ii) x=[x]+{x}, {} denote fractional part of x .

(iv) [, #1201 HX, ]

- [x] X
(V)[T = -ﬁ' Vne N.

i) If [f(x)] 21, then f(x) 2 [ and for [f0)] < I, then f(x) < I+1.
(vii) [pHqH{r+(sHtIN=(p1+ql+[r]+Hs]+[t]-

1 2 : n-1 :
(viii) [x]+[x+F]+[x+'ﬁ]+"“'+[x+T}zlnx]‘

J LEAST INTEGER OR CEILING FUNCTION : It is defined.

as y = fix) = (x)=X=lint (x) = n+1,. - [x]=n (x)=n+]
¥ Yy
where n < x S n+l. WK
«—X—>
' Lxi i+l
e.g. (n) =4, (Log,,3) =1,.(-3.5) = -3 etc. |« + - |
‘ ' m-1 x <
Ly (x)=0if-1<x<0
=1if 0<xg 1 . Ay
=2if I<x<2 ' 3fe---e-- o—e
=3if 2<x ¢ 3 and so on. Voo
_ . R 2}---0-—8
e Domain:x € R® Range:y € | c
- ) . - 10—
e Many one into function for 5 _ i
co.-domai.n of all real .numbers. i al—F 0 1 W X
Discountinuous at all integral A4 - -1 :
values of x.
Properties :
@) (x+n) = (x3+n, nel R

(i) (=x) = =(x), x € 1 and (-x) = =(x)+1, x €L
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(iif) x = (x)+{x}-1,{x} denoes the fractional part of x.
(iv) (x,+%) < (x)HX,).

) [(—:1]=[-:-}“ gL

1 2 ( n-1
(vi) (x]+[x+;]+[x+;]+ ....... +[x+T].=(nx)+n—-1, neN.

 FRACTIONAL PART FUNCTION : It is defined as y = f(x)
={x}=x—{x] = f (where 0 < f < 1) =x-n, n £ x <n+l.
eg. {1.6} =06, {1}=0, {-3.6} =04
Ly={x}=xif0S x<1

=x-1if1 Sx<2

; = x-2 if 2< x < 3 and so on.
eDomain :xeR ,  Range : y€ [0,1),

* Discontinuous and Non-differentiable _
at all integers, « Monotonically -2 -1y 1 2 3X
increasing throughout ¢ Many-one and
into function for co-domain of all real numbers.
Properties : :

(i) If0< x <1, then {x} = x."

(ii) If x €1, then {x} =0.

(iiii) If x & [and x > 0, then {-x} = I- {x}.

(iv) Domain and Range of % are R-I and (0,1) respectively.

Note : f (x+T)=f(x) (xGRg , where T be a (+)ve real number and
f)={x}. = x+T-[x+T]=x{x] V x € R, =[x+T}-[x]=T Vx€ R,
= T=1,2,3,....Thus there exist T > 0 such that f (x+T) = fix) V x€R,

so f(x) is periodic and the smallest value of T satisﬁes f(x‘+T). = f{x) vx
ERis 1.

L] DIRICHLET FUNCTION : Suppose c and d be real numbers
(usually taken as c=1 and d = 0), then the Dirichlet function is defined
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c for X rational ' ‘

by y=f (x) ={

e R ;
d for x irrational d is discontinuous everywhere.

Ana!ytically : f{x)= ;nl_t’a{n_l_Lcos2n (mhtx)}

oDomai.n :x € R ® Range :Y € {c,d}={0,1} eNeither increasing nor
decreasing @ Not a periodic function. ® Discontinuous everywhere
eManyone and into function for co-domain of all real numbers.

WORKED OUT EXAMPLES

Ex.1. Let max (x,y) denote the maximum of X, ¥ and min (x,y)
their minimum , where x and y are any integer, prove that
max (x,y)-min (x,y)=|{x-yl|. o
Sol. Case 1. Let x.2> y, then |x-y|j=x-y, max (x,y) = x and min (x,y)
= y. Thus max (x,y)-min (%y)=x-y=[x-yl.
Case.2. Let x <y, then [x—y]=y—x, max (x,y)= y and min (x,y)=x.
Thus max (x,y) — min (x,y) = y—x=|x-y}. _
Ex.2. Solve : (i) |x+ l|'°g(x+l)(3"'2""‘2) =(x-3)|x|

(i) |x=1]+ =4,x-ly-1=2.

Sol. (i) Given :  [x+ 1% (x+ 1)) = (X= 3 Klourn(1)
~ 3 + 2x— x2 >0 (for log x, x>0) :

s—l<x <30.(2).

Let x+1>1, then x>0.....(3).

. From (1): (x+1)98e 2 =(x-3)x

' 1
=3+2xx’=x* -3x, = 2x?-5x-3=0.". x=-3, 3.

Now , from (2) and (3) : X = —%, 3,

Hence it has no solution.

x+3y =5, x2l.....(I)

xtiy=3xci_{z) 8 also given : x-— y—11=2

(ii) Given : |x—1| +3y=4,= {
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=l y2l..13
‘-=’{x+§-3 ’;q __((4)) Solving (1), (3): x=2, y=1 and solvmg(l),(4) x=2, y=1.

. Nosolutionasx 2 1,y < 1.
Solving (2), (3) : x=3, y=2, i.x. no solutionas x <1,y > 1 and solving

5 3,
(2), (4 :x =73,y =7,i.c. nosolutionasx < 1, y< 1.
"Hence the reqd. solution is unique, i.e. x=2, y=1.
Ex. 3 If f(x)—3|x|+5 and f(x)=5[x-2] +’7, find the value of [x+f(x)].

Sol. given : 3[x] +5 = S[x 2] +7, = 3[x]+5 5[x]—10+‘7 = 2[x]=8,
‘= [x]=4. .. 4 S x <5, ie. x=4-+fractional part .

. f(x)=3[x]+5=3.4+5=17. .. [x+f(x)]=[17+fractional part +4]=21.
Ex. 4. Solve : {x+1}+2x =4[x+1]-6 where {}=f.p; [.I=G.L

Sol. x+1—[x+1]+2x=4[x+1]-6 (- £x}=x—[x]),= 3x+1=5[x+1] - 6
=5([x]+1) — 6,= 3x=5[x]-2...(),= 3({x}+Hx)=5[x] - |
~3{x}=2[x]-2...(ii). -

Now , 0<{x}<l, =0<3{x}<3,=052[x]-2<3 [using (i)},

2 < 2[x]<5,= 1£[xI< 3, = [x]=1,2.

- From (i): [x]=1, i.e.x=1 and [x‘]=2,'i.e'. x= -g—

Hence reqd. solutions are 1,8/3.

Ex. 5. Solve : (x)? + (x+2)* =20, where () = least integer.

Sol. Let x=I+f, then from the given equat;on, we have (I+f) + (l+f+2)-

=20, = {I+1}7+{1+3}° =20,= 2+21+1+12461+9=20,

= [ +41-5=0,=1=1,-5.

- x=14f, S5+ ,=20<f<1, — 1< I+f < 2 and -5 <5+ < — 4.
Further x = L.

. (x) +(x+2) =20, i.e. xe (-5,-4]U(1,2].
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: 1
Ex. 6. Solve : y=—[Sinx +[Sinx + [Sinx]]] and [y+{y]|=2cosx.

Sol. we have .
y-%[Sinx+[Sinx+[Sinx]]]=—l-[Sinx¥[+[Sinx]+[Sinx]] (-:[I+x]=1+{x] for

any inieger I) == ([Smx]+[Smx]+[S|nx]) .....

angd [y+[y]]=2cosx, = 2[y]=2cosx , =>[y]—cosx ..... (2).
~. From (1) and (2) : [Sinx] = cosx ,

= [Sinx] = cosx. . J-Y,.(OJ)
Now, ploting the curves [Sin x]and cos x - -

on the same frame, we see.that the two . .

curves have no intersection points. &z — el £ I
Hence the given equation has no solution. (1))

Ex,7. How many integers between 1 and 300 (inclusive) are
(i)divisible by at least one of 3,5and 7? (ii) divisible by 3 and by 5,
but not by 7 ? (iii) divisible by S but by neither 3 nor 7 ?

Sol. Let A, B and C be the set of those integers between 1 and 300
which are divisible by 3, 5, 7 respectively.

A ={n|1<n<300, 3|n}; B={n[1<n<300,5|n};

C={n|1<n<300,7 In}.
To be divisible by 3 or 5 or 7 is to be at least in one of A, B, or C.

’ 0
Now, |A| =[§g—], [.] is the greatest integer = 100.

” 00
.SImnlar:y,IBI—[-m] 60 and |C|= [3 ]—42, where |Al,|B|,|C| being

the cardinalities of sets ‘A, B, C. Again , A~ B is the set of integers
between 1 and 300, which are divisible by both 3 and 5, since 3 and 5
are relatively prime, any number divisible by them must be divisible by

product of them,
. An B is the set of integers divisible by 15.

Similarly BAC, ANC, AnNBNC are the sets of.integcrs.,between 1
and 300 which are divisible by 35, 21 and 105. :
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k]

|AnB|= [300] 20|A;'\C| [—]-M[Bncl [300] 8

AnBnCl=|399|.
AnBAC] "[105]‘2-

(i) |ANnBNC|=|AHB[HC| - |AB| - IBC| — |CAHABC|=100+60+42—
20-14-8+2=162.

(ii) The numbers divisible by 5 and 3, but not by 7, are preciesly those
niumbers in (ABC)/C, whose cordinality is |AnB|-JAnBNC|
=20-2=18.

(iii) The numbers divisible by 5 but by neither 3 nor 7 are those in
B\(A uC), having cardinality |B|-|BN(AuUC)|. Since BN(AUC)|=

(BN A)U(BNC), the principle of inclusion and exclusion gives
(Bn(AuC)) =|BnA|+|BNC- I(BnA)n(BnC)|
|BnA|+(Br‘\C) IBNANC=20+8-2=26 and the number we are

looking for is IBHB('\(A UC)|"60—26"34

Ex. 8. Let n be a positive integer. Suppose a function L is defined
recursively as follows:

0 if n=1
L (n)= {L(I.TJ) w (. ] is the floor functlon)
Find L (25).
Sol. L (25) is found recursively as follows:

‘L (25) = (12) +1......(1); L (12)=L (6) + 1......(ii);

L (6) =L(3)+])....(iii); L 3)=L (1) +l....... (iv);
Back calculating L(6)=L(3)+1=1+1=2; L(12)=L(6)+1=2+1=3.
<o L(25) = I(12) +1=3+1=4.
Ex. 9. If f(x) = x*— 9x*+24x +c has three real and distinct roots o,
B, Ythen find the possible values of c. Hence, otherwise show that
[a]+[B]+ [Y] can take only two values and determine these values,
|.] denotes the greatest integer function.
Sol. Suppose y = x> — 9x*+ 24x.
. -y =3(x—2)(x—4). +"» For tuming pointy,=0.
'« X = 2, 4 are turning points.
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Thus y(2)=8-36+48=20 and y (4)=64-144+96=16.
From the graph we can see that x-axis will
cut the graph 3 times , if it shifted A
downward by 16 to 20 units, i.e. '
ce(-20, —16). For
[a]+[B1+[7)ifc€(-20,-16),then & € (1,2), ,1:“
B € (3,4), YE (4,5). ‘ |
- [o+[BIHY]=1+3+4=8. Again, if 0
cE (-20,-18), then a.€(1,2,)
B € (2,3), YE(4,5). | .
SfalHBIH YI=1+H2+4=T7.

20

[ #4] SIEE——
A\ 4
>

Finally, We can say that [« H{BI{YI~{7 If 20 <5<T8

Ex. 10. If a, b, ¢ are the cube root of p, (p<0) then for any permisible

xa+yb+zc

value of x, y, z which is given by |xb+yc+za +(’-2b*) o+’ (x|

+[y]+z])=0, where ® is cube root of unity and a, b, are real
positive numbers, b, is a prime, find the value of
[x+a,]+{y+b,1+]z](|.]=G.LF.).

N xa+yb+zc
Sol. Given : 1+®+0"=0....(i) and

xb+yc+za + (a?,-2b%) o +

((X}Hy)Hz]) @ =0....(i).

= (a2, —2b )=[x] +lyl+z] ... (iii).

xa+yb+zc

From (i) and (ii) : [xb+yc+za

Since a, b, ¢ are the roots of (p)'* and leta=1t,b=t® and ¢ = o’

) |xa'-|-yb+zc|_|xt+y+m+tm2.z|_|x+ym+zm’|_ll|=l

T btycral| [xto+yto? +xt| |xo+yo? +z| lof

- From (iii) : a? -2b% =1, i.e. ot =20, +l (odd)......(iv)

Thus a, can be written in the from (2n+1), = (2n+1)*=1+2b* =
4n*+4n=2b?, =2n (n+l),= b?, =2n(2n+1), an even number and given
prime, so b?, is also prime. .. b=2(-2 is only even prime)
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<. a?, =9,=>a =3. From (iii) : [x] +[yi+[z]=a'*‘_l—2b‘, = 1.
+ [x+a 1+ [y+b, HZ)={x+31+y+2]+[z]=[x]+[y]+[2z]+5=1+5=6.
~ Ex. 11. Find the number of solutions of 4{x}=x+[x], where {.}, -]

denotes the fractional part, greatest integer function respectively.
- Sol. leen 4{x} x+[x], = 4(x—[x])=x+[x]( x—[x]+{x}),=> 3x——5[x].

SR Y =l
.. To plot the graph of both y—[x] and | :

3
. yEEX,

‘Thus the two curves intersects when
[x]=0 and [x]=1......(ii).

.. From (i) and (ii) : x-—5 [x] i.e.x= 0

and Ji=-§-.l.

i.e. the only two solutlons

- Hence x=0, ;,

. . | . :
Ex. 12. Draw the graph of [y] = Sin"(i),'where [.I= G.LF.

Sol. First draw the graph of -
' ; . N [y]=sia” [%)
X 1

y= Sin"[“f), = —lgy<lie. 2 <x 2 —secb,

L%
>

w

o
)
>

b
=

and—-]r£ &
5 <Y <35

x) - A (T
[yl= - 2,-1,0,1. .'.Sin"(g) =-2,-1,0,1. or | Yfor=(3)

% = _Sin2, -Sinl, 0,Sinl,

—x = —2 Sin2, -2 sinl, 0, 2sinl..
Now when x= —-2sin2, -2 S y < -1.
. x=-28inl,-1Sy<0;x=0,08y<1;x=28inl, 1 Sy<2.
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Ex. 13. Find the domain and range of f(x) =
| g(x) |
Sol. Let f(x)=f(—)" where g(x) =e* and

F(x) =1 +[x], now domain of g(x)=e* is
set of all values of x as it is defind

v xeR.
1+ x .

V x € R.
. D, of e = Set of all real numbers. .

: Also domain of f(x) = 1+[x] is set of all
values of X € R. But

1+[x]=0 V¥ -1 £ x <0. -
-. Domain of f(x) will be R -{- ]< 4 <0} (-oo -1)U[0,).

For range x 20, 1+[x]2x,V X € [0,%) ande >1Vx e [0, oo)

For xe [0, 1), filx) =€ and for xe [l 2), f(x) ==——- and SO on.

Thus all va!ues ofy ore2 L Range f(x) < [1 o).
{x}+{2x}+{3x}+....+{nx}

n’

Lt

Ex. 14. Evaluate : ', where {x} is

fractional part of x.

Sol. - os{m}<1'wheref_= 1,2 50

5 g Z{rx}<2(l) =>0< E{rx} <n.

r=1

Dividing throughout by n?, we get

n =
.0- Z{Dﬁ} 1 E{rx} 1
— <Ll < T'l-’ = n—-u- Oﬁ—[;tn L—L_E_- < |];t-n- 'E’ :
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o :;_m {.x}+{2x}-: ..+ {nx} -

'According to Sandwich theorem or Squeeze principle

L =i,

n—es 2

Ex. 15. If [x] denotes the integral part of x and

Sin +Sint x+1

x+1
f(x) = [x] 1+ x , then show that f(x) is

discountinuous at all integral points.

Sol. Sin m[x+1] = 0 and [x+1] = [x] +I. .
, [x] T |
- RO =1y [x]Sm[x]+1

At x = n, nel, then f(x)—l_fn b

Sin
n+l

.Forn<x<n+l,ne I,

T n .. X
f(x) = l+n Sin—. .. ,t_,nmf(x) o Sin—

For n—1 < x <n, [x] = n-1. f(x) =—n—g-lSin—E.

' -1 . T
x—m-O fix) —-—-——Sln— and f(x) = l+n Smn+ 3

Heénce f{(x) is dlscontmuous atallne I

Ex. 16. Let [x] stands for the g.i.f. Find the derivative of f(x) =
(x+[x? +1])"2‘f5'i'"’c , wherever it exists in (1,3/2). Indicate the points
where it does not exist.

Sol. We see that [x*+1] takes a jump from 2 to 3 at 2 ' and again from

3 to 4 at 34 in (1, 3/2).
." It is discontinuous at x=2 '? and x=3'7, i.e. it is not differentiable'at
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xmz 173 and xaBIH.

42 i 1ex<2™

X435 if 2%4x<3'?
(X+4

Now, f{x)=(x+[x*+1]) "’*;”’f“ 5
3Sinx , 1)
i‘ if 3" <x< %-

n ‘

9. & | 2 : ’
(x+2)° 5™ {(2x+ Cosx)lo{(x+ 2)+2 ¥ ol )} ifl <x< 2%

X+2

-

f'(x)= J (xfs)":*.“"" {(2x+ Cosx) log{(x +3)+ x—”’-mx-), if2f <x<3%

+3
x(:c+4)}",:+$"“x {(2x+ Cosx)_iog((xﬂi)-i- X x-l—finx]} if3¥ < x<—g-'
Ex. 17. Eva.luate': | . | | |
Jixrax W )
O5—;: ) J, U ["1“["‘5]“"‘]“’“
J‘{x} 0 0
0
2[x] "
. nx Sm X
. |2 - l3 4 | -
(iii) ISIHI:?X-};I_X; (IV) J x+[x] " (v) -[ X l
0 | 2[x] - ,[_ 3
3x-[x] o

(vi) J-[ﬂe_x ldx, where [x] = G.LF.; {x}=FP and n is natural numbers.

j.xdx ‘i.xdx-t-j jxdx+ ...... +_J.xdxh
a8 . -

]
17. (i) Let [ =% g
{x}dx
Els
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d+1.i.u+2ju+....+(x—1) idx (n=1)n/2

= ] zj- . Bl iy =(n-1).
@ T(T(, __[ x + f(-%)]}il ‘(letx =[x]+f,0< f<‘1)
At e sres e b e

Case 1. If [f(——;-)]=0,then j [TOd ] =
X ()
_ Case 2. If | ~Ih=-1,th ] 0
aselll {(2) te“‘[[‘[ldx dx |

(x] 1 2 3 [xl '
_[[x]dx = _[[x]dx+_[[x]'dx+j[x]dx+....+ _[[x]dx=0+1+2+
o o 2 [xH1

n

' x
~ 'y n
« 1 2% Ly '
dit) !&n[—;}k = j;Sandx-l'ISm 1dx+ ] Sin 2 dX-+u.oe.
i) | ) |

nn--% ' 7
....... ISm (2n-2)dx + J'Sm(zn 1)dx =

m__4. . II‘K-"E
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-’21 {Sin 1+Sin 2+Sin 3+......+Sin (2n-2) +Sin (2n-1)} =

Sin wi 8= h
s 2 (2n-1)h
2 i x Sin R S o
Sin-z—. | _ where a =1, h=1,
i 2n-1)] .. (2n-1)
Sin{ 1+ .S
= { 2 }‘“ 2| & Simg (2n-1)
= Y .- =2 . . 1 2
. Sin—;— Smf
YJ\ =
2[x] - s
: 3)(""[)(] 24 ..._.o
iv) Let fx) = . d g
(iv) Let f{x) TR , s 5 P
T o/t 1 2 3
ki BEs 2t
Clearly f is not defined if x=0 .._:O e
and when 3x=[x]. 1-8

. In ( 10,0), f is not defined at x = '—"]j'
Case. 1. "E[ 10,- ) [X]<0 and 3x-[x]<0

[x]
kx> O e f(0) =1

Cgse. 2. XE("]' 0) [x]<0 and 3x-[x]>0, i.e. f[x]—-l.
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' -1/3
Now , If(x)d"— Id’H j (-1)dx= (x):}o3—(x)_;,3—(_%+10)

-10 -10 -173

1 28
‘(“* 3) 3

|  Sin?x
= | f(x)dx, where {x)=
i) Lax :‘, . ) [x/+2]+1/2
Sin%x Sin2x

~f(-x)= (- [x]-[-x]=-1Vxe])

[=x/2)41/27 -1-[x/2]+1/2

.+ x/J2 is not an integer in (-1,0) and (0,1).

.'.f(-k)=-.{ /3%1]2”2 ~f{x), i.e. f{x) is an odd function in x
L
1= [£oax=0
1

(vn)Letf(x)'—ne"Vne N, xeR".

s f(x)=-ne” <0Vxe R.
ThlS is decreasing 0 to « and in such type of problems we always

break theinternal for x >logn, we have [ne™] =0.

Oy AW A T

0 0 o n_

T n
Tldx+ Ide = (n.—-l)(log-l-ll_i-—0)+(9#2)(1033—_'13—10&“—;—])

n
l°85 oga
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Now writing the terms in reversed order, we have

o e n_ . n n n n
!ne” dx l(log1 log—2-)+2(logi—log§)+3[log%—log-z)+

= - 2 —log—— ~1)log—"~
et (D 2)(logn ) logn _])+(n 1)10,gn”1
= logn +(2~—l)log%+.(3— 2)log%+ ....... +[(n-1)-(n- 2)]logn—ll—]

: - ' nn n
= log n +log-nz—-+log-g-+....+ ]og.r.lﬂ_.].=lo T'f""ﬁ)

g (5)

x-[x]—%, ifxel

where |[.] denotes the G.LF. If
0 ifxel :

Ex. 18. Let f(x) ={

g(x) =max {x?, f(x), |x|}, v x € [-10, 10], then find the value

o
ofjg(x)dx,

2
Sol. It is clear from the graph
X if -2< x<-1
X if-1sxs-1
X+ if -} < x<0
g =|x * if o< xsi
(X if 1sx<2

2 a0 -4 0 1 1 -
- [r(e)an= [axe [(-xpaer | (HE}H fii 2
-2 =4 S

-2 -1/4

- Ex. 19. Let the curves CI:y_’=4|J)_f]x and Cz:x‘=4[J;Iy where [.]

denotes the G.LF., find the area of the region enclosed by these
two curves with l;l the square formed by the lines, x=1,y=1, x=4,
J y=4.'
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Sol. Since 1<x<4, so 1<Vx <2. ..[y/x] =1 and similarly [/y]=1.

Now, ¢ :y’=4x and c,:x*=4y. R
" - P
- Reqd. area = IZJ;dx—(Z-l).l—I%—dx h
: ) 2 ' x=dy
|
R S T - e
Ex. 20. If x is a real number in [0,1], then

Lt Lt 2m 5
show that the value of m—ee n—b~{l+cot (n 'n:x)} is given by 2 or
1 according as x is rational or irrational.
Sol. Case.l. If x e Q, then n! nx will be an integral multiple of n for
large values of «.
- cos (n!'rnx) will be either 1 or — l i.e. cos®™(n'w x) =1

. ]ﬁ-]'l_)m n—eo {1+9052'“ (D'EX)} 1+1=2.

Case. 2. If xeQ, then x!n x will not be an integral mulﬁple ofanr.
~.cos (x!ntx) will be between —1 or I, i.e. cos™(n!r x) =0.

Hence, ,ln‘t_,.,, h’t_,m{l-l-cosz“‘ (n!xx)} = 1+ 0 =1.

O LIMING POSITION OF A SECANT : A secant (Latin seco, |
cut) is a straight line that cuts a curve at two points. If the secant in fig
(i) moves in such a
way that P remains |
fixed in  position,
but R approching P
more and more
- closely, successively P
occupies the posi- '
tion R ,R,,R, and R,, shown in fig.(ii) . It will be seen that the length of
chord PR and the length arc PR both becomes successively less and
less as R approaches P, while all the time the secant of which PR is part
approaches closer and closer to its limiting position, which is that of
the tangent to the curve at point P as shown in fig(iii).

.
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have the same

O SIGN OF ?g( : Let y=f(x). If-—-s(+)chxand Ay
sign, i.e. an increase in x produces an increase iny and a decrease in x
productes a decrease in Y.

If y=f(x) be drawn, P being the point (x,y) and Q (x+Ax,y +Ay). Then
if Axand Ay both (+)ve P and Q will be placed as in (1), if both negative
as in (2). In each case the chord PQ has a (+)ve gradient. But if Ax be
(H)ve and Ay (-)ve, P and Q will be placed as in (3), if Ax (-)ve, and

Ay (+)ve, as in (4).

Ax +

(1) .6

So, if % is (+)ve for a given value of x, x and y are both increasing or

both decreasing, but if % is (-)ve, x is increasing an_d y decreasing or

vice-versa. In the graph |f Lo is (+)ve at the pomt (x,y), the gradient of

24N

the tangent is (+)ve and the curve in the neighbourhood of P is shaped

like (5) or (6), but if % is (-)ve, the shape is like (7) or (8).
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- MAXIMA AND MINIMA :

At A and D, the gradient is changing from (—)ve to (+)ve and these are
called minimum points, FA and HD are minimum (or minima) values
of y . At B and E, the gradient is changing from (+)ve to (-)ve and
these are called maximum (or maxima)points, GB and JE are.
maximum values of y.

The words max. and min. are used in the sense of greatest and least
only in the immediate vicinity of the point, this local meaning is bought
out clearly in this curve, since a maximum value, JE as in fact less than
a minimum value FA.

At C the gradient is zero, but is not changing sign, this point is a point
of inflexion, which may be linked to the point on an S-bend at which a
road stops turning left and begins to turn right or vice-versa. The gradient
of a curve at a point of inflexion need not be zero (the reader should be
able to spot four more in given fig.), however at this stage we are
concerned only with searching for maximum and minimum. We need to
bear in mind points
of inflexion Ol’ll}' as ’ S |
a third possibility at
points where the
gradient of a curve
is zero, Atany point
where the gradient
of a curve is zero, y
is said to be a
stationary value.
Any max or min
point is called a
turning point andxy -

is said to be a turning value there.
Note: While a function has at most only one greatest value or absolute
max. or global max and at most only one least value or absolute
min. or global min.. It may have several max. value or local max and
several min valueor local min. . )

O DISTINGUISHING BETWEEN MAX AND MIN POINTS :
LAt a max.point % =0. Just before the point 5 is (+)ve and just after if
is (-)ve. Thus in passing from one side of the point to the other o

. ﬂ |
decrease. If a graph of % against X is plqtted, it has a downword slope -
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in the region of the point under ‘con- y
sideration. Now the slope of the

[%“ x) graph is given by %(%)=

2 2
gxg So, at the max. _point :xy

)ve (except as below). In fig. the graph [ S— F
of y is represented by a continuous '

is (-

line and the graph of % by a dotted line. In a similar way it can be seen

2
_thatata min.point —g—;{z will be (+)ve (except as below) This provides a

LY TR

method of investigating the nature of a turmng point.
42

If, sta pomt, . 0 and Ky <0,i.e. maxpoint.
. dy d?y ;
If, at a pomt,a;=0 and E;-i- > (,i.e. min.point.

Ex. O is a point on a straight line. A particle moves along the line
so that it is s ft. from O,t see. after a certain instant, where s =
t(t-2)%. Describe the motion before and after t=0.

Sol. Here s=t>-4t>+4t.

ds
d =317 -8t+4=(3t-2)(t-2)=v.

1 .1 oo
This graph has a min.point (13, 13) N4

2 :
and pasges through ('3‘.0), (2,0) ° N1 72
and (0,4), it is the middle sketch and .

(2 32 Pl i
upper sketch the max pt. | 3537 i

> 1

and min. point (2,0).




ISI FORUM



Again,%’-*—‘a%t—s and is the bottom sketch.

' Notiée that the max. and mm values of s occur when v= %=O and that

A

2
the min. value of v occurs when a—%tv——gtz =0.

Before t=0, the particle is approachihg 0 from the (-)ve side, at t=0 it is
passing through 0 with velocity 4ft./Sec. and acceleration — 8ft/Sed.

Hence its speed is decreasing and it comes momentarily to rest %ﬂ.

o 2 -
from O (on the (+)ve side), when t=3, it returns to 0, where it is

momentarily at rest when t=2.and thereafter it moves away from 0 in
the (+)ve direction.

O SIGN OF AREA : If we advance from left to right , i.e. if Ax is
(+)ve, yAx representing the area of our typical strip is (+)ve ifyis

Y+ B 2 Y+ Y-
A A 'y A
Ax | + Ax |+ Ax |- - ax |-
yaAX | + YAX [+ yAx |- S 0

Bld -l €k -l
= JIF T PN

(+)ve, i.e. if the strip lies above the x-axis and (—)ve if the strip lies
below the x-axis is given fig.

If we advance from right to left, i.e.if Ax is (-)ve, yAx is (+)ye if the
strip lies below and (—)ve if the strip lies above the x-axls

O DIVISION BY ZERO : Values like %’%’6 are inadmissible. There

have no meaning. Some students are under the impression that 0
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infinity which is wrong. Infinity () is not a number it is a symbol.

Nor is -g—=1.lf we let -g-=l, then we shall be led to absurditiés.Consider,

for example, what would be the result of dividing by zero both side of

an equation like 5x0 = 2x0.
Thus the statement x= e is meamngless unless it stands for the statement

X—> oo,
Corresponding to the notion of infinity, the symbol (zero) denotes the
‘continuous decrease without limit. The student should understand the
following facts also -:?—2*0 if x &+ and %—*0 if X 5= oo,
Ex. Show that the number 0(zero) has no reciprocals.
: : 1

Sol. Suppose that 0 has the reciprocals —é—, then 0. ('6)=l
(- product of two reciprocals = 1).

1 .
Also, 0. ( ) 0 (-- product of any number by zero 1s 0 ). It follows that

1=0, which brings contradiction.
Hence 0 has no reciprocal.
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NOTES ON GRAPHS

] Introduction : The graphs of a function provides many informa-
tion regardmg the function f{x). All the information we need to draw the
graph of a function accurately can be put together to a name and
that is DR. T. SAM. This means Domain (D), Range (R),
Transformation (T), Symmetry (S), Asymptotes (A), Maximum
and Minimum (M), Now we shall discuss some important graphs.

Draw the graphs of each of the following fungtions:

2X
(ﬂ) f(x)zl 2 » ’ T et “Y
(l) f(X) is a odd function, —""'—--"";‘N
(ii) graph is symmetrical about | __ 3 -2 - [ =X
Oﬁgin, ‘ 1 1 g
(iii) f{x) attains minimum value | === ===~ =--t-——===a—=y
f(x)=0, _

(iv) Maximum value of the function f{x) equais 1.
(v) f{0)=0 and |f(x)|< 1 indeed (1-1x|)2 > 0or 1+x? 2|x|>

2 "' ()

Since f (x) 20 2tx20 and f(1)=1 in fhe ifitz:val [0, ) the maximun;
value of the function f{x) equals 1, the minimum value being zero.
Domam o <X < oo,
Rangz -1 Sf{x) <+1 :
(b) f(x)= sim®x—2sin x=(sin x-12-1. Y
When f{x) increases then sin x decreases.
Similarly, f{(x) decreases when sin x
increases.

When sin x increases

orlz
1+

h/é
)
\;(

g

(-x/25x<m/2) sin x decreases

(r/2<x<3%/2).
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© f(x)=x*-2x*+3= (x’-1)2+2
(1) f{x) is even function,

(ii) fx) is symmertric about y-axis,

© (jii)) (x) is attains min.value at x = %1,
(iv) f{x) decreases x=0 to 1 and
similarly x=0 to-1,

(v) f{(x) increases x=1 to oo, _
(Vi)f (0)=3, D, :~eo< X <o andR :2 <y Sea,
(d) y=f (x)=cos (cos x)

f(x) is periodic with period 21.

\I’N

1
- -
-— -

.

u

f(x)z X,0<x<n [from definition of cos™ x]

=2g—x, RSX<2m ' Y

Let 2T—X =x! ' (r,m) y=m

or 2w—x'=x ; 3

n<2n-x'<2n
—n2x'-2n2>-2n
n>x'20
0<x'<n

cos™! cos (2u-x‘)=cos“ cos X' =x'=2n-x

Domain: —nr < x < nn [1,2,....=n]
Range: 0<f(x)<n

() y=f(x)=+sinx

Here sin x20, 0<x<m |

 2m<x<3n ! m_‘x
2nn$x5(2n+l)1t '° "2 & 2n 522 370
[n=0,1,2....]

Domain : 2nt < x<(2n+1)n [n=0,1,2...].
Range : 0< f(x)<1
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(f) y=f(x)=x"osx

~ Domain : 0<x<1 and 1< x < oo .

£ (x) = xWlogx

10
— xlogx .

_ x(logm“’llo &i0*)

- f(x)=10.

_sin'xat -t<x<0
@ y= 2 at0<x<l1
1/(x-1)at 1<x<4

(h) y=[x]?, we have
y=0 when 0< x<1

- =1when 1<x<2

=4 when 2<x<3
=9 when 2<x<4
and so on.

jor—————ay=10

<

N
L gt
—

)

[=]

[l T T

Similarly in the case of negative values.

(i) y=x2+[x]?, we have

[ x2ifx e [0,1[
4 x2+1ifx e[1,2]
x2+4 ifx €[2,3[
[x2+1ifx e[-1,0]

‘and so on.

2 atx>0
() y=41/2atx=0
x> atx<0

-l
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® y = Cosx+|Cosx

Yy =C0sX+cosX cosx>0

Y=cosX—cosx cosx<0
y =cos2x -R/2<xS®/2
y=0 "/2<x<3n/2
() y=|x+2|x
y=(x+2)x x>-2
=—(x+2)x x<-2
y=x’+2x
= (x+1)*-1 x2-2
y=1-(x+1)? x<-2

(m) y=2|x-2|-|x+1|+x at x22
y=2(x-2)-(x+1)+x
= 2x-5 -1<x<2
Yy=2(2-x)-(x+1)+x
= -2x+3 x<-1 )
Y= 2(2-x)+(x+1)+x
=5

(n) y — 2! _2—1{ .
Let_us define domain as (-1,1)

y=2"-27%(-L])

(0)y=xSinx : 0<x<m;

y-—"xSinx:OSyS%:Ost-g;
n T

 2g o B ;

; 2_y50. 2Sx5n,

JrY
y=2
2
-=2 ' =T x 3w2 2x SM?.__}X

e

v 2 = M I E
1 \ 1
-=7 _-_w
I
’ =
D e

&

X
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1

(x*-9)

T x+3)(x-3)

At x = 3, -3 the curve is
undefined, i.e. the two
asymptotes aré x=3 and x=-3.

(p)y=

(xz+x+ll) -1<x<0

(qQy= sin’x: <x<x

2
——_—
ayeeed ] 2

y=sin’x :0<x<=n

y=:;l] tn<x<5x
_Xx+1-2 2
~ ox+1 7T 7 x+1
1
(r) y=x+—

(x-1)/(x+1) :n<x<5)

| M
]
' L
—
:--:;I ° '.1::-3 o
| |
J\Y
g > X
AY
y-|
.\12?3‘\5__/5>x
=1 4 n 51
(©y=x-x
y=x*(1-x)
8 b=
ro\
;
T >X
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(t) y=3 sin (2x-4) 0<2x-4< 2 1:
' 4<2x<2n+4
2<x<Ek+2

W  y=2J[(-3(x+15))-1.2]
y=0
1.2=2(3(x+1.5))
1.4

g = -3(x+1.5)

-12-'1.5=i
-1.62=x

V) y=|x*-2x-1|

 l-1e2
h';-:-s

T

(x2—2x—l)>0 orx l+-E
(x2—2x—l)<00rx <1-42

1- J2<x51+42.

A

1-v2

=(x*-2x-1)
=-(x*-2x-1
y =(x-1y-2
y = -(x-1y+2
W y=|xI-1]  [|x]-120 x2lorx<-l
=|x|-1 |x|2 1
- =1-x] -1€x<1
y=Ix|-1 x2lorx<-1
y=x-1 x 21
y=-x-1 x $-1
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Similarly y=l-x  0<xsl]

_ y=1+x  -1<x<0
Arfanging all parts y=—x-1  x <+l
o y=1+x -1€£x<0
y=1-x ~ 0sxg<1
y=x'-_l ox 21

(x) y =|sinx| + sinx on the interval [0',311:]

=sinx+sinx sinx=0 0<x<T
=2sinx - 2n<x<3n
=.sinx+sinx sinx<0 T<Xx<2W
=0 ; T
ay
1 .
o [
¢ = .= 32 a_>x
. 'AY
(y)y=-x+2| . i
y=-(x+2)x+2_20;12'2 ST
= (x+2)x+2<0;x<-2 i
| : B i J10-2
N
@ y=lix-11-2| v
~N

y=|x-1-2 [x-1]22

..-l.

il lk-t<2 \//\/
y=(x-1)-2 x23 . _ , . '
y=x-3 —>X

y=-x-1. x <-1 ;
y=-x+3 +1<x<3

y=x+1 -1<x<1
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(A) y=|x+2|+|x-3|
=(x+2)+(x-3) x+220;x2-2 9 b
y=2x-1 x=3 . Y_-2x:’1 5 -
y=(x+2)+(3-x)  x+4220 x2-2 =
y=5 x<3 X-3<0 x<3
y=—(x+20-|—(x-3) X< "2 . -«F---..
’ : x23 e
Not possible *
y=-(x+2)+(3-x) x<2andx<3
y=-2x+1 e 3 S-E :
. | R
A
3 o . ’ ? q(r—pf
X . /
(B) Y=X+|—x|-. y=X+=.x20 Vv
Rt x20 Tea
=x-1 x<0 -
y=X+|x— 1|+Ix §|
(©) Y =x+x-1]+1 x22 . Ay
Co=x+x-1+1 x"2_2 fe Y
y=2x x 22 4
y=x+x-1-1 1<x<2 | 3t
=2x-2 | 21 -
y=x+1-x-1 x <1 . & / Y=fx_2
=0 ' Y=0 o 1 2 X
Y :
L x+1 !
At x = -1, the curve does not exist, i.e.
undefined. ' .
C\ (0.0) g
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(E) |y|+_x=‘—l_

y+x=-1
y=-x-1 y=20
-y+x=-1 y<s0

=x+1

® Webl=2
x'+y=2 x20,y20
x-y=2 x20;y<0
-x+y=2 x<0;y20
-x-y=2 x<0;y<0

(G) |y—3|=|x—l|

y-3=x-1y23;x21 |
y=x+2

y-3=1-x y 23;x<1
y=4-x

J-y=x-1 y<3x21
y=4-x

3-y=l-x y €£3;x<1
y=2+x |

H) [|x+y]+|x-y|=4 (x+y)>0

(x+y)yHx-yy=4 x-y>0
2x=4 X<-y

x=2 x>y
(xt+y)yx+y=4 x+y>0
2y=4 ¢+ X-y<O0

y=0

¥=2

X=-2|

X=2

('2. 0)

> X
0 0.2)

(-2) Y=-2
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(x+y)-xt+y= 4 x+y>0

x-y<0
2y=4 x—y<0
y=2
—(xHy)-(x-yy=4 —(x+y)yHx-y)=4
—Xx—y-Xx+y=4(x+y)<0 —2y=4
—2x=4 y=-2
Xx=-2
M|y [x=x N
yx=x y>0 x(y-1)=0 | 1 Y=1
yx=x y0 x=0y=1 ‘ - > X
x+yx=0 _ ' e ¥
x=0 y=-1.
) | x-y|+y=0 PRp v
x-y+y=0 x-y>0 : __ g T
x=0 x>y e e e ‘
B / 0 > A
x=2y - .
X ' x=.2y'
y=3 _

(K) y=2-‘ X —x2 I,x>0
=2-x-x*
y =2+x—x%, x <0
= (x4x-2), x>0

- —{[x+—;—)z —%:},x >0

y = (x*—x-2)

>

y -={nt=2x|
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1V 1 Y -1 oy 2 X
— — | —— —_ ——
y_(x+x) 4,(x+x) 4_0
2 ©
5ol 1
Aot At
S
%—(_x +%) 20
. . 2- -.
1) 1
(X'i'E] "ESO
1 1 1 1
—_— . e | €S
(x+2+2)(x+2 2)_0
(M) y=3™H
' = 3-x:x20 Y
= 3+x:x<0
'1
3T o
. >X
| Y
(N)y=log,(1-x) : (1-x)=2 I
’ 5 X = -
1-x=0 i"“
1

% =]
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(O) y=|log,(1-x)]

. | [ |
| I
=log,(1-x) log,(1-x)20 : 1'
2log 1 \Yl"‘ |'
. L f— X
1
I
[
I

Lol x<0 10| 2

=-log;(1-x)log,(1-x)<0
: 0<x<l1

(P) y=xsinx
—X<xsnx .
<X ‘ :
=-x<y<x -
y= X sinn X, same graph but instead of U 3 ,.:z:.Ua >X
. ; - Y
1

et |
X 0’2’11:, T 011:2

’ Inx>0
=Jﬁ- x21

(8) y=el'"™
e il

=arINX e—lnx
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(T) y = log, (x* - 2x)
y =log {(x-* -1} \

(x-1)}-1=1

X =liﬁ

(x-1)-1=0
x =2,0

(x- l)giﬁ ‘ 1 -sz\o_' Iuyz .

atx=l:y-.>:-
atx =0y — -o0

V) y= log2 sinx :sin x>0

P
0<x<=x E ll
2IR<x<3x w2 lx 2x, Sx2 3%
) 1 .
| . e ’ i; }i '
[ | i
. i i

(W) |y|=logz(—x)
y =logy(~x) :y >0x <0

-y =-logy(-x):y <0x<0
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(X) y=lsinx| | ‘
. =smnXx sinx:>0 - Y
0<x<m
2n<x<3m- - H
..; ............. }X
=.sin xsinx <0 -~ ex 0 x ex
n<x<2m '
3x<x<4mn
©|sinx] YN
(Y) Y-——I :
; smx " !
=1 :smx >0 I
0<x<m %) T
=-]1 .:smx <0 » L |
T<X<27
. N
(Z)y= x+sinx | - 7 L
w -I<sinx< o1
Sox-1<x +sinx ‘ _Q 5._':\, >X
<x+1 NS TN
=x-1<y<x+1 /

Z) y=sin|x|
(Z,) =sinx x >0
=-sinx x <0

(Z,) y=sin sin"(logy,x) AY
x =1/2 . 1 -
y=logyx . logy;,(1/2)=1 \ '
log 121=0 - { 2
_ 108, of 12 1 : i
log "22_10g2(1/2) e : \i |
= _1_=_.1 i | et -
0-1" o

ool
Sa
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a

SOME MORE GRAPHS OF THE FOLLOWING FUNCTIONS :

1
|
f
/1
|
|
! .
ia'_-} X
!
y x=1 o Y= 2_|x| E I
=] : ' l : 1
.y_. =13 J TN : | 1w ¥=
._—————-'-_.— ----'—'-"-"- | - ! !:FI'
id : — X = += 0 :2' F <
.0 v |
\.o:- , L/
I |
I | o
I : |
o x=N Y y = sin2x
7 lei'_Jl I Y
- — --- ' = 2
. ' " 5
) ok lL?—h
-1 ._an :(1.0, X -2 oV . ! e rd ‘_x
i T x4 [ 3
]
n LI
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>
A >
hH .
: ; >
. - AN
. i / ;
. A 0 ) :
w o i “”/J.l
— ] R
o - / e S 1 . g
T ‘ .W o o 1= 7 - t
& . & —a Tl ¢
o) _ 2 S ob =
=] = -- =) )
= IS ! - .
i g ! ] I T
- i e 1 > -
Fas . WM i H
el
o
n.,..._ i . § N |/
© A
“ ®
>~ .-.I 1 v.m
=) .._l L wl” £ > o
: ! 7| TToa A= S b= SRS B
— L =3 ®ey
ﬂ. .Il.u.m ). [ G .llﬁl.\ / o] n
G- 1% o Q pree )
S 2 h > Q e
I 5 [ I v 1=y
: [ &f- I
> e - 2l -
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O SOME MORE GRAPHS OF THE FOLLOWING INEQUALITIES :

(a) x-yl<1 _ (b) [x-y|22
-1<(x-y)sl x-y<l (x+y)22
(x+ty)<-2

-1<(x-y) x-1<y

y<x+tl  y2xl y<2-x,y $2-X

(©) IxHyl21 (d) [xIHyl<3
x+y21 x20y20 - x+y23x20y=20
cx-y21 x20y20 x-y23 x20y<0
-x+y21 x<0ys0 -x-y23 x<0y<0 '
-x-y21 x<0y20 -x+y23x<0y20

(e) x-1| + |y +1[22 () Ix+y| + [x-yl<2
(x-1)+ (y+1)22 (x-D+ (y+1)22
(x-1)20 (y+1)20 (x-1)20 (y+1)20

~(x=1)- (y+1)22

(x=1) <0 (y+1) € 0
- ~x-1)- (y+1)22

(x-1) <0 (y+1) 2 0

207
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O SOMEMORE GRAPHS OF THE FOLLOWING INEQUALITIES :

y —2x<0 Xy <0
x’+y’—550 2x2+y__150 y,
f& o
X
=1,-1) (1,-1)
X+y?>1 | y +x2<0
x*+y?>16 )
Y2 y-2x+3>0 78
¥v+1<0 1

Jy-x<5§
y+2x <1l




